In the multiuser spatial multiplexing multiple-input multiple-output (MIMO) system, the joint transmitter-receiver (Tx-Rx) design is investigated to minimize the weighted sum power under the post-processing signal-to-interference-and-noise rate (post-SINR) constraints for all subchannels. Firstly, we show that the uplink-downlink duality is equivalent to the Lagrangian duality in the optimization problems. Then, an iterative algorithm for the joint Tx-Rx design is proposed according to the above result. Simulation results show that the algorithm can not only satisfy the post-SINR constraints, but also easily adjust the power distribution among the users by changing the weights accordingly. So that the transmitting power to the edge users in a cell can be decreased effectively to alleviate the adjacent cell interference without performance penalty.
I. INTRODUCTION
Spatial multiplexing for the multiple-input multiple-output (MIMO) systems, employing multiple transmit and receive antennas, has been recognized as an effective way to improve the spectral efficiency of the wireless link [1] . More recently, the multiuser schemes have been investigated for the spatial multiplexing MIMO systems. This paper focuses on the downlink multiuser schemes in which each user can not cooperate with the others thus suffers from the interference from them.
Mainly, there are two kinds of multiuser schemes. One is the precoder or the transmit beamforming, such as the dirty-paper coding (DPC) [2] and the zero-forcing (ZF) [3] , etc., which mitigates the multiuser interference only by processing at the transmitter. The other is the joint transmitter-receiver (Tx-Rx) design, such as the nullspace-directed SVD (Nu-SVD) [4] and the minimum total mean squared error (TMMSE) [5] , etc. In general, the former possesses lower complexity but more performance penalty. With the great development of signal processors, the latter gradually draws more attention.
For the joint Tx-Rx design, the schemes proposed in [4] [5] minimize mean squared error (MMSE), or maximize the capacity under the transmit power constraint. Whereas on some occasions, such as the multimedia communication, it is required to minimize the total transmit power while guarantee the quality of service (QoS). [6] [7] investigate the beamforming and the power allocation policy when all users are subjected to a set of post-processing signal-to-interferenceand-noise ratio (post-SINR) constrains in the uplink SIMO and the downlink MISO. [8] [9] extend this work to the downlink MIMO and the MIMO network, however the MIMO systems discussed in [8] [9] are assumed that there is only one substream between each pair of the transmitter and receiver. In other words, only the multiuser interference appears in the so-called diversity MIMO system in [8] [9] . For the multiuser spatial multiplexing MIMO system, however, both the multiuser interference between individual users and selfinterference between individual substreams of a user should be mitigated.
For the downlink, the transmit beamforming affects the interference signature of all receivers, whereas the receive beamforming only affects that of the corresponding user. [7] [8] construct a dual system, called the virtual uplink, and indicate that the virtual uplink can obtain the same post-SINR as the primary downlink. Moreover, the receive beamforming matrix of the virtual uplink is identical with the transmit beamforming matrix of the primary downlink. The design of the downlink, therefore, can resort to the virtual uplink.
In this paper, we extend the duality derived for MIMO network in [9] to the multiuser spatial multiplexing MIMO system. According to the uplink-downlink duality, we propose a joint Tx-Rx scheme to minimize the weighted sum power under the post-SINR constraints of all the subchannels.
Notation: Boldface upper-case letters denote matrices, and boldface lower-case letters denote column vectors. tr(·), (·) * , (·) H , ||·|| 2 and ||·|| F denote trace, conjugate, conjugate transposition, Euclidian norm and Frobenius norm, respectively. diag(x) denotes a diagonal matrix with diagonal elements drawn from the vector x.
[·] i,j , [·] :,j denote the (i,j)-th element and j-th column of a matrix, respectively.
II. SYSTEM MODEL
We consider a base station (BS) with M antennas and K mobile stations (MS's) each having N i (i = 1, . . . , K) antennas. There are L i (i = 1, . . . , K) substreams between BS and MS i (i = 1, . . . , K), that is to say, BS transmits L i symbols to MS i simultaneously. The signal recovered by MS k can be written as
where y DL k ∈ C L k ×1 is the recovered signal vector. x i ∈ C Li×1 (i = 1, . . . , K) is the transmitted signal vector from BS to MS i with zero-mean and normalized covariance matrix I.
This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the ICC 2008 proceedings. p i ∈ R Li×1 denotes the power vector allocated to MS i . A linear post-filter A k ∈ C N k ×L k is used to recover an estimation of the transmitted signal vector x k . The MIMO channel from BS to MS k is denoted as H k ∈ C N k ×M , and assumed flat faded. Hence, its elements are the complex channel gains, and they are independently identically distributed (i.i.d.) zero-mean complex Gaussian random variables with the unity variance. Moreover, the perfect channel state information are assumed available at both transmitter and receiver via some way, for example, channel measurement at receiver and fast feedback to the transmitter for the frequency division duplex (FDD) systems, or invoking the channel reciprocity in time division duplex (TDD) systems. B i ∈ C M ×Li is used to weight x i and transform it into a M × 1 vector. n k ∈ C N k ×1 is the noise vector with the correlation matrix R n = σ 2 n I. For simplicity, in the sequel we assume
We design the A k , B k and p k (k = 1, . . . , K) in (1) to minimize the weighted sum power under the post-SINR constraints, which can be denoted as the following optimization problem.
is the weight vector. w affects the power distribution among users, and its value is determined by various factors, such as the positions of users in a cell and the interference environment of the neighboring cells. γ k,j is the given post-SINR goal for the MS k 's j-th substream.
III. THE PROOF OF UPLINK-DOWNLINK DUALITY
The diagonal elements of the first part in the right-hand side (RHS) of (3) denote the useful signals, and the non-diagonal elements denote the self-interference. The medial and the last parts in the RHS of (3) denote the multiuser interference and the noise, respectively. Moreover, the post-SINR of the MS k 's j-th substream can be denote as
, the link power gain between x m,n and y k,j can be denoted as
then (4) can be rewritten into
By substituting (6) into the constraint inequality of (2), we obtain
L to the nearest integer greater than or equal to m L . Write (7) into the matrix form, we obtain
It similar with the optimization problem (9) in [10] . So, to obtain the Lagrangian duality of (11) [9] , we divide the solving process of (11) into two steps directly follow [10] . First, assuming A k and B k (k = 1, . . . , K) are fixed, the Lagrangian function of (11) is
where λ ≥ 0, µ ≥ 0 are the Lagrangian multipliers associated with the inequality constraints. Then the Lagrangian duality of (11) is max
According to the Slater's condition, (11) is equivalent to (13).
Since the gradient of the Lagrangian function (12) with respect to p vanishs at optimal points, we obtain w T − µ T = −λ T C. Substituting it into (12), we obtain min
Moreover, as λ ≥ 0 and µ ≥ 0, (13) can be rewritten to
Similar with (6)-(9), substitute (10) into (14), we obtain
(14) maximizes the weighted sum power under the maximum post-SINR constraints, however, it has no physical meaning [9] . But it can be shown that (14) is equivalent to the following optimization problem Proof : Without any loss of the generality, we assume SIN R UL k,j < γ k,j . From (16), we can find λ k,j contribute to the numerator of SIN R UL k,j and the denominator of SIN R UL m,n (m = k, n = j). In other words, SIN R UL k,j is a monotone increasing function of λ k,j , while SIN R UL m,n (m = k, n = j) is a monotone decreasing function of λ k,j . So increasing λ k,j until SIN R UL k,j = γ k,j , we obtain a larger d T λ without breaking any post-SINR constraint. Likewise, if SIN R UL k,j > γ k,j , decreasing λ k,j until SIN R UL k,j = γ k,j , a smaller d T λ is obtained. As a result, the constraints of (15) and (18) become a linear equations C T λ + w = 0, and its solution is λ * = −(C T ) −1 w.
Similar with Theorem 1, at the optimal point of (11) p * = −C −1 d.
Summarize the above statement, we obtain the following conclusion.
Theorem 2: In the downlink multiuser spatial multiplexing MIMO system, if the transmit and receive beamforming matrices are B k and A H k (k = 1, . . . , K), respectively, as long as the following conditions are satisfied, the downlink optimization problem (2) is equivalent to the virtual uplink optimization problem (18).
1) In the virtual uplink, the transmit and receive beamforming matrices are A k and B H k (k = 1, . . . , K), respectively. 2) In the virtual uplink problem (18), the weight vector w is the noise power vector.
3) In the virtual uplink problem (18), the noise power vector d is the weight vector.
When A k and B k (k = 1, . . . , K) are not fixed, (18) is a joint optimization problem denoted as
If the noise power vector in the virtual uplink is the weight vector w, the joint optimization problem (2) is equivalent to (19) . At the optimal point, the beamforming matrices of the virtual uplink and the primal downlink are common.
Proof : Let (B * k , A * k , p * ) (k = 1, . . . , K) be the global minimum of (2). According to Theorem 2, (19) has the solution (A * k , B * k , λ * ) k = 1, . . . , K. Moreover, this solution is definitely the global minimum. Otherwise, a better solution of (2) would be found by applying Theorem 2 again. So the virtual uplink and the primal downlink have the common beamforming matrices.
The weight vector w decides whether A k and B k are used to strengthen the useful signals or alleviate the interference to other users. When a user's weight turns higher, its transmit power will decrease. In this occasion, it benefits to apply the beamforming to increase the signal gain, as the interference to other users is much less important. On the other hand, once the weight gets lower, the beamformer should try to suppress interference to others [9] .
To mitigate the adjacent cell interference, we can increase the weights of edge users in a cell, which would induce the declining of the transmit power from the BS to them. In order to hold the post-SINR under this circumstance, obviously, the beamforming matrices would be used to boost up the signal gain.
IV. THE JOINT TX-RX BEAMFORMING SCHEME
It is rather difficult to solve the joint optimization problem (2) directly. However, it is easy to obtain A k (k = 1, . . . , K) in the primal downlink, and so does B k (k = 1, . . . , K) in the virtual uplink. Moreover, it is proved in the previous section that the primal downlink is equivalent to the virtual uplink, and they have the common beamforming matrices A k and (k = 1, . . . , K) . Therefore, we divide the solving process into four steps shown as Fig. 1 .
When p and B k (k = 1, . . . , K) are fixed, optimize A k (k = 1, . . . , K) to maximize SIN R DL k,j (k = 1, . . . , K, j = 1, . . . , L). Then observing (4), it is a generalized Rayleigh quotient problem, and its solution is
where ξ max (X,Y) is the dominant generalized eigenvector of the matrix pair (X,Y). When λ and A k (k = 1, . . . , K) are fixed, in the same way, B k (k = 1, . . . , K) can be obtained by
The proposed algorithm is summarized in the following. 3)Repeat 1) and 2) until
In the simulation, we set ε = 0.0001.
By iteration, (A
, p (n+1) )(k = 1, . . . , K) converges to the optimal solution to the optimization problem (2) .
Once any element in p (n+1) is negative, which indicates the post-SINR goals γ k,j (k = 1, . . . , K, j = 1, . . . , L) can not be attained, γ k,j should be decreased to relax the post-SINR constraints. When w = 1, the proposed algorithm is similar with the one in [11] .
V. SIMULATION RESULT
In this section, we assume that a BS with 8 antennas (M = 8) is communicating with K MS's each with 2 antennas, (N 1 = . . . = N K = 2). Also we assume that the number of substreams of each MS is the same, equal to 2,(L 1 = . . . = L K = 2). QPSK is employed in the simulation and no forward error coding is considered. The post-SINR goals for all substreams are γ(γ k,j = γ). Additionally we assume MS 1 is an edge user in a cell, according to the previous section, a higher weight should be assigned to it to mitigate the adjacent cell interference. Thus, the weight vector is set to w = [w, w, 1, . . . , 1] T , where w is the weight corresponding to the two substreams of MS 1 and w > 1. Fig. 2,3 plot the curves of the total transmit power k,j p k,j versus the post-SINR goal γ, when w = 5. In Fig. 2 , K = 2, 3, 4, the system configuration satisfies M ≥ KL, This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the ICC 2008 proceedings. the multiuser interference, thus, can be effectively suppressed through the beamforming [4] . Under the circumstance, increasing the transmit power of any user has nearly no effect to the post-SINR of other users. Therefore, all the substreams can attain relatively high post-SINR. In Fig. 3 , K = 5, 6, 7, 8, M ≥ KL does not hold any more. Consequently, the multiuser interference can not be effectively mitigated, which means any enhancement in the transmit power of any user is very likely to deteriorate the post-SINR of other users. As shown in Fig.  3 , with the user number increasing, the available post-SINR of each user is decreased. When K = 8, only 0 dB post-SINR can be attained. In these two figures, the total transmit power increases with the number of users and the post-SINR goal γ. Especially when K = 7, 8 and γ ≥ 0 dB in Fig.  3 , due to the residual multiuser interference, the slopes of the curves are much steeper than that in Fig. 2 where the multiuser interference is negligible. And the steeper the curves are, the more power would be paid for the unit increase of the post-SINR of each user. Fig. 4 shows the curves of the transmit power j p 1,j of MS 1 and the total transmit power k,j p k,j versus the weight w, when K = 4 and γ = 10dB. The left vertical axis is corresponding to the transmit power of MS 1 and the right one is to the total transmit power. Obviously, as the w is increasing, the transmit power of MS 1 is decreasing while the total power is increasing, because the optimization object is to minimize the weighted sum power k,j w k,j p k,j . Moreover, when w changing from 1 to 20, the transmit power of MS 1 decreases almost 10dB, however the total power increases only about 1 dB, which demonstrates that the proposed algorithm adapts the power allocation policy very effectively with negligible penalty on performance.
VI. CONCLUSION
In this paper, we investigate the joint Tx-Rx design for the downlink multiuser spatial multiplexing MIMO system. We show, first, the uplink-downlink duality has the following characteristics: 1) In both of the primal downlink and the virtual uplink, the substreams can attain the same post-SINR goal; 2) The beamforming matrices are common in both of the primal downlink and the virtual uplink.
Based on the duality, a joint Tx-Rx beamforming scheme is proposed. Simulation results demonstrate that the scheme can not only satisfy the post-SINR constraints which guarantee the performance of the communication links, but also easily adjust the power distribution among users by changing the weights correspondingly, which can be used to diminish the power of the edge users in a cell to alleviate the adjacent cell interference.
